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Abstract:   The Interacting Boson Hamiltonian (IBA-2) to reproduce energy spectrum of isotones
 

),( 60

148

58

146

56

144 NdandCeBa is tested The calculated ratio 5.2/
11 24 EE has been  suggested 

that these nuclei are part of O(6) group symmetry. Reduced electric quadruple transitions between 

states of 02,0  II  and magnetic dipole between states of 01,0  II , are calculated. The 

mixing ratios )1/2( ME  for transitions between 01,0  II  are evaluated as well. All the 

calculated results have been  compared with available experimental data and satisfactory results are 

obtained. 
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1. Introduction 

      In the last few years there has been 

a dramatic increase in the available 

spectroscopic information relating to 

neutron-rich nuclei, like the nuclei 

under study in this work, [1-3]. These 

results represent a challenge for the 

nuclear physics theorist to develop and 

modernize their models to understand 

well the nuclear structure. The 

Interacting Boson Model (IBA) is one 

of those attempts that have been 

successful, for a long time, in 

describing the low lying nuclear 

collective motion in different mass 

regions. The first version of IBA, 

initially introduced by  Arim and  I 

Chellos [4], which has been rather 

successful in describing the collective 

properties  of several medium and 

heavy nuclei. Then the version of IBA-

2, in which there is distinguish 

between proton and neutron bosons 

wave functions [5]. Later there are 

IBA-3 and IBA-4.[6-8] In the IBA-1 

and IBA-2 versions, the bosons 

consider as a pair of the same kind of 

nucleons with angular momentum L=0 

(called s boson) and L=2 (called d 

boson). While in the IBA-3 there are a 

third kind of bosons (called   boson), 

in which there pear are of different 

kinds of particles. In the IBA-4 we 

have extra boson with L=4 called (g- 

bosons). The last two versions are 

limited to a certain region of nuclei. In 

the present work, the IBA-2 version 

will be used to calculate different 

nuclear properties of the neutron rich 

isotone 

60

148

58

146

56

144 , NdandCeBa   
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   The Hamiltonian operator in IBA-2, 

which has been used in the calculation 

of the energy levels and hence the  

gamma transitions matrix elements, 

has three parts, one for proton bosons, 

one for neutron bosons and the third 

one that describes the interaction 

between unlike bosons: 

𝐻 = 𝐻𝜋 + 𝐻𝜈 + 𝐻𝜋𝜈                           
(1)                                                  

The Hamiltonian generally used in 

phenomenological calculations can be 

written as 𝐻 = 𝜀𝑑(𝑛𝑑𝑣 + 𝑛𝑑𝜋) +

𝜅(𝜚𝜈 . 𝜚𝜋) + 𝑉𝜈𝜈 + 𝑉𝜋𝜋 + 𝑀𝜈𝜋   (2)          

calculated and experimental energy 

levels of 146Ce  where the dot denoted 

the scalar product. The first term 

represents the single-boson energies 

for neutron and protons, d  is the 

energy difference between s- and d- 

boson and 
dn  is the number of d-

bosons, where   correspond to   

(proton) or   (neutron) bosons. The 

second term denotes the main part of 

the boson-boson interaction, i.e. the 

quadrupole-quadrupole interaction 

between neutron and proton bosons 

with the strength . The quadruple 

operator 𝜚𝜌 = [𝑑𝜌
+𝑠𝜌 + 𝑠𝜌

+𝑑𝜌]
(2)

+

𝜒𝜌[𝑑𝜌
+𝑑𝜌]

(2)
                     (3)                     

Where   determines the structure of 

the quadruple operator and is 

determined empirically. The square 

bracket in Eq. (3) denotes angular 

momentum coupling. The terms 

 VandV ,in equation (2) which 

correspond to interaction between like-

boson, are sometimes included in order 

to improve the fit to experimental 

energy spectra. They are of the form                           

𝑉𝜌𝜌 =
1

2
∑ 𝐶𝐿 

𝜌
𝐿=0,2,4 ([𝑑𝜌

+𝑑𝜌
+]

(𝐿)
. [𝑑𝜌𝑑𝜌]

𝐿
).  (4)                                      

However, their effects are usually 

considered minor and often neglected . 

The Majorana term, M , which 

contains three parameters 

321 ,  and  may be written as  

𝑀𝜈𝜋 =
1

2
𝜉2([𝑆𝜈  

+ 𝑑𝜋
+ −

𝑑𝜈  
+ 𝑠𝜋

+](2). [𝑠𝜈𝑑𝜋 − 𝑑𝜈𝑠𝜋](2)) −

∑ 𝜉𝑘𝑘=1,3 ([𝑑𝜈  
+ 𝑑𝜋

+](𝑘). [𝑑𝜈𝑑𝜋]𝑘).       

(5)                                

 

Fig 1 : A comparison between calculated 

and experimental energy levels of 146Ce 

3- Calculations and results 

    The isotone chosen in this work are 

A=144,146 and 148 due to the presents 

of experimental data. The energy 

spectrum and electromagnetic 

properties of nuclei in this region have 

been investigated by several others by 

using different theoretical calculations 

[9-12]. We have fixed neutron number 

N=88, means 3N  (taken the magic 

number 82 as a closed shell) and N

varies from 3 in (144Ba) to 5 in (148Nd), 

measured from the closed magic shell 

at 50. The model parameters   ,,  

and Majorana parameters ,k with 

k=1,2,3, were treated as free 

parameters and their values were 
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estimated by fitting with the 

experimental values of energy levels. 

The Majarona parameters have greater 

effect on the energy of 23 , mixed 

symmetry state, which has been fitted 

according to the values of these 

parameters. The procedure was made 

by selecting the traditional values of 

the parameters and allowing one 

parameter to vary while keeping the 

others fixed until the best fit with the 

experimental obtained. This was 

carried out until one overall fit was 

obtained. The best fit values for the 

Hamiltonian parameter are given in 

Table-1.  Concentration was made on 

the 21
+ to make a reasonable fit to 

experimental data. The fitting results 

are shown in Table-2. The ratio 

11 24 / EE presented in table-3 with its 

experimental value which confirms 

that these isotone are a part of gamma 

soft O(6) limit of the IBA-1 and lies 

very closed to one edge of the Casten 

Triangle, recently called Casten prism 

[13,14]. A sample of experimental and 

theoretical scheme is presented in 

Fig.1. An overall a good agreement 

was obtained for the ground, beta and 

gamma band. A detail comparison 

between experimental and theoretical 

energy levels one can find that the fit 

of the ground is very good for the 21 

and 41, but the model cannot predicts 

the 61 correctly, this may be due to the 

high spin of this state. Actually this has 

slim effects on calculations of 

transition probabilities. The fit of the 


32  in all isotone, which recognized as 

a mixed symmetry state [9], is very 

good due to the effect of changing the 

Majarona parameters and the 

electromagnetic properties as 

following: 

1- E2 transition and quadruple 

moments 

In order to understand how the 

IBA-2 Hamiltonian reflects other 

physical properties of the nuclear 

system, the wave function obtained 

from diagonalization of H to calculate 

the reduced electric quadruple 

transition probability and the 

quadruple moment of the state 2+.In 

IBA-2, the E2, transition operator is 

given by, 

𝑇(𝐸2) = 𝑒𝜋𝑄𝜋 + 𝑒𝜈𝑄𝜈                        

(6)                                                                                           

where Q  is the same as in equation 

(3) and   eande are boson effective 

charges depending on the boson 

number N  and they can take any 

value to fit the experimental results. 

The method of estimation the effective 

charges value in explained in reference 

[16]. The effective charges calculated 

by this method for the three isotone are 

presented table-4.The results of 

calculations are shown is Table-5. As 

one can see from the table, we have 

quit good agreement between 

experimental data and the calculated 

one. We have some discrepancies in 

some values. The quadruple moments 

of 


12  were calculated and the values 

listed in     Table 6. Only one piece of 

experimental data is available. From 

the experimental value of 

)02);2(( 11 EB  one can calculate the 

quadruple moment, using the relation 

[17] 

𝐵(𝐸2; 0 → 2) =
5

16𝜋
𝑄0

2 

𝑄(21
+) = −

2

7
𝑄0                             (7) 
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  where Qo is the  classical  quadruple 

moment. 

Although the relations are for the 

collective deformed nuclei, but the 

large value of quadruple moment 

inviting uses them. The predicted 

values always greater than one and 

they couch the negative sign of the 

experimental value.  

 2- The M1 transition and )1/2( ME  

mixing ratios: The M1 operator 

obtained by supposing  1l  in the 

single boson operator of the IBA-2 and 

can be written as 

𝑇(𝑀1) = [
3

4𝜋
]

1

2
(𝑔𝜋𝐿𝜋

(1) + 𝑔𝜈𝐿𝜈
(1))   

(8)                                                                      

where  gg , are the boson g-factors in 

units of 𝜇𝑁and )1()1( )
~

(10 dxdL  . 

This operator can be written as  

𝑇(𝑀1) = [
3

4𝜋
]

1

2
[

1

2
(𝑔𝜋 + 𝑔𝜈)(𝐿𝜋

(1) +

𝐿𝜈
(1)) +

1

2
(𝑔𝜋 − 𝑔𝜈)(𝐿𝜋

(1) − 𝐿𝜈
(1))]    

(9) 

The first term on the right hand side ,in 

the above equation, is diagonal and 

therefore for M1 transitions the 

previous equation may be written as  

𝑇(𝑀1) = 0.77[(𝑑+𝑑∼)𝜋
(1)(𝑔𝜋 − 𝑔𝜈)] 

(10) 

The direct measurement of B(M1) 

matrix elements is difficult normally, 

so the M1 strength of gamma transition 

may be expressed in terms of the 

multipole mixing ratio which can be 

written as [16] 

𝛿 (
𝐸2

𝑀1
⁄ ) = 0.835𝐸𝛾(𝑀𝑒𝑉). Δ      

(11)                                                                                

Where Δ =
〈𝐼𝑓‖𝑇𝐸2‖𝐼𝑖〉

〈𝐼𝑓‖𝑇𝑀1‖𝐼𝑖〉
 𝑖𝑛 𝑒𝑏/𝜇𝑁       

Having fitted E2 matrix elements, one 

can then use them to obtain M1 matrix 

elements and then the mixing ratio 

)
1

2(
M

E   . The  gandg in 

equation (10), have to be estimated, if 

they have not had been measured. The 

g factors might estimate from 

experimental magnetic moment    of 

the 12  state totalg2  and

)8(64.0 . The total gyro magnetic 

ratio wrote by Sambataro et al [18] as; 

𝑔 = 𝑔𝜋
𝑁𝜋

𝑁𝜋+𝑁𝜈
+ 𝑔𝜈

𝑁𝜈

𝑁𝜋+𝑁𝜈
               

(12)                                                                          

Many relations could be obtained for a 

certain mass region and then the 

average  gandg  values for this 

region could be calculated. One of the 

experimental B(M1) and the relation 

above used to find that 

Ngg  017.0  . one has to 

remember that the traditional values of 

the g factor should obey the relation 

1  gg .The estimated values of 

the parameter are 

NN gandg   31.033.0  ,these 

were used to calculate the ratio 

)1\2( ME  and then the mixing ratio

)1\2( ME . The ratios were 

calculated for some selected transitions 

in 60

148 Nd  due to existence of 

experimental data to compare with, the 

result listed in Table-7.  

23. Conclusion 

    In summary, the nuclear structure of 

the even-even, N=88, isotone is well 

presented in this work by using 

program codes (NPBOS and NPTRN) 

of the IMB-2. Many nuclear properties 
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of these nuclei studied. This work 

increased the knowledge of thin 

region. The almost fixed ratios of 

(E4/E2) give indication that these 

isomers are very closed to the gamma-

soft O(6), nuclei. The value of neutron 

effective charges are always greater 

than the effective charges of proton, 

which is up normal, but one can 

explain this by regarding the unit of the 

effective charge which is fm2 (unit of 

area). Means the neutrons occupy 

greater area in the nucleus than proton, 

which is real. The sign of the multiple 

mixing ratios is produced well by the 

model.  

Table- 1: The IBA-2 parameters 

Nucleus N N N     4,2,0C 
231 ,  

Ba144

56  3 3 6 0.500 -0.142 -1.2 -0.62 0.16,0.16,0.0 -0.015,0.099 

Ce146

58  4 3 7 0.660 -0.142 -1.2 -0.62 0.15,0.15,0.0 0.04,-0.040 

Nd148

60  5 3 8 0.848 -0.142 -1.2 -0.62 0.18,0.18,0.0 -0.080,0.045 

 

Table-2: The calculated energy level of IBA-2 compared with available experimental data 

from reference [15] 

 

Table-

3: The 

ratio 

E4/E2 

and 

E6/E2 with the experimental values 

 

 

 

 

 

Table-4: The IBA-2 effective charges 

Isotones 2efme  
2efme

 

56

144 Ba  0.041 0.215 

58

146Ce  0.158 0.355 

60

148 Nd  0.100 0.566 

 

 

 

Nucleus calculations 12 
14 16 18 20 22 13 32 

56

144 Ba 
Exp.   = 0.199 0.530 0.961 1.470 1.020 1.315  1.560 

IBA-2= 0.199 0.588 1.151 1.878 0.988 1.139 1.605 1.490 

58

146Ce 
Exp.   = 0.258 0.668 1.170 1.736 1.043 1.272 1.577 1756 

IBA-2= 0.237 0.665 1.279 2.007 0.996 1.212 1.713 1.544 

60

148 Nd 
Exp.   = 0.302 0.752 1.280 1.856 0.916 1.170 1.511 1.249 

IBA-2= 0.301 0.783 1.432 2.180 1.000 0.907 1.208 1.216 

Nucleus calculations E4/E2 E6/E2 

56

144 Ba 
Exp.   = 2.66 4.82 

IBA-2= 2.95 5.79 

58

146Ce 
Exp.   = 2.59 5.04 

IBA-2= 2.87 5.5 

60

148 Nd 
Exp.   = 2.49 4.25 

IBA-2= 2.60 4.76 
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Table-5: Theoretical and the available experimental values of B(E2) in 22be  

 

 

 

 

 

 

 

 

 

 

Table-6: The values of electric qaudrupole moments of the isotons N=88 

Isotons 
.exp

2 ][ fmQ 
.

2 ][ theorfmQ  

56

144 Ba -0.68(2) -1.78 

58

146Ce -1.37(19) -1.54 

60

148 Nd  -1.46(13) -2.18 

 

Table-7: The experimental and the calculated mixing ratio for 60

148 Nd
 

Isotons Transition energy (MeV) 
if II   

.exp)]
1

2([
M

E  .)]
1

2([ theorM
E  

60

148 Nd 

0.869 
12 22   +8(+12-2) +6.92 

0.947 
13 22   - -0.34 

1.209 
11 23   0.20(4) -5.12 

0.759 
11 43   +5(+15-22) -12.1 

0.976 
12 43   0.0(+13-1) -0.25 

1.427 
12 23   +0.37(5) +60 

 

 

 

 

 

Transition Ba144
 Ce146

 Nd148
 

Exp. IBA-2 Exp. IBA-2 Exp. IBA-2 

11 02  0.208(6) 0.203 0.93(13) 0.94 1.37(2) 1.431 

12 02   0.007  0.025 0.075(5) 0.133 

12 22   0.037  0.165 0.085(5) 0.022 

13 02   0.002  0.002 0.073(3) 0.025 

13 22   0.001  0.006 0.026(1) 0.022 

11 24  0.407(61) 0.501  2.628 1.44(6) 2.074 

11 23   0.0161  0.047  0.034 

11 13   0.0196  0.000  0.602 

12 20   0.017  1.288 0.005(1) 0.023 
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